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Abstract 

In an earlier paper [6] the author wrote the homothetic equations for vacuum solu- 
tions in a first order formalism allowing for arbitrary alignment of the dyad. This 
paper generalises that method to homothetic equations in non-vacuum spaces and 
also provides useful second integrability conditions. An application to the well- 
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known Petrov type O pure radiation solutions is given. 
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£jy 1 Recap 

In [6] I gave the homothetic Killing equations in vacuum, written out in a first order form 
>- ■ without the assumption that the spinor dyad used was aligned to either the symmetry or 

the curvature in any way, and indeed allowing for the dyad to be non-normalised. In this 
paper I will generalise to non-vacuum. Conventions and notation will follow Penrose and 
Rindler [7]. 

A homothetic vector £ a by definition satisfies the equation 

Ca;6 = F ab + if) gab. (1) 

Here if), the divergence, is a constant, and F a b will be called the homothetic bivector. 

Let {o A , l a \ be a spinor dyad, with oal A = A complex null tetrad is related to this 
dyad in the standard way: 

t = o A o A ' ] n a = i A i A '- m a = o A L A '; rrf = t A o A ' ', 

([7], (4.5.19)), and £ a n a = —m a m a = XX- As in [6], we define components of the homothety: 

with {£ a ,n a ,m a ,m a } a Newman-Penrose tetrad. Thus, for example, XX& = £a^ a - 
For the homothetic bivector F a b we define its anti-self dual by 

~F ab = \ (F ab + iF* ab ) (3) 

and then 

Fab = {xxY 1 (20oo £[ a m b ] + 20oi (£[ a n b ] - m[ m 6 ]) - 20 u n [a m b] ) , (4) 
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where 

0ii = (xx)~ 1 Fab£ a m b (5) 

0oi = \(XXV (F ab n a i b - F ab fn a m b ) (6) 

0oo = (xxr 1 Fa»M a n b (7) 

Most of the equations in this paper will be given using the compacted GHP-formalism, 
see [3,7,8]. In this formalism, we concentrate on those spin coefficients of good weight, that 
is, those that transform homogeneously under a spin-boost transformation of the dyad: if 

o A ^ \o A i A i — y \ii A 

a weighted quantity r] of type {r', r; t', t} undergoes a transformation 

77 1—?- A r A p r pV 

These weights will be referred to as the Penrose-Rindler (PR) weights, to distinguish 
them from the more familiar GHP-weights (p, q) for a normalised dyad in e.g. [3,7]. The 
two sets of weights are related by p = r' — r and q = t' — t. 



2 General Equations 

The Killing equations themselves, ([T]), are unaffected by the curvature and so are the same 
as in [6]. 



t>6 = 


^Cm ^6n i 


(8a) 


p'6 = 


~Hm ~ T&n ~ (001 + 001 ) + V>; 


(86) 


36 = 


-p~6n - 0"6n + 011 ! 


(8c) 


p6 = 


-r'Cm - r'im + (0oi + 0oi) + & 


(8d) 


p'6 = 




(8e) 


96 = 


— P Cm — 0" Cm — 000) 


(8/) 


Km = 


-^'6 - «6» - 0n ; 


(8y) 


p'Cm = 


-k'6 - r6 + 0oo ; 


(8/») 


Km = 


-ct'6 - cr6; 


(8.) 


3'6n = 


-p'6 - p6 + (0oi - O i) - V>; 


(8j) 



The spin-boost weights (r', r, t) of the components of 6 and F a b are given in Table I 
(correcting a minor typo in [6]). 

The Ricci identity for 6 implies F c d-b = Rabcd£, a , from which the algebraic Bianchi 
identities lead to equations for the derivatives of the 0^-. The anti-self-dual of the above 
equation takes the spinor form 

i DD - A {e BC Uc> + e A ctBC>) (9) 
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Table 1: weights of components 



Here \& abcd is the (totally symmetric) Weyl spinor, Qaba'b 1 the Ricci spinor and 24A = R, 
the Ricci scalar (see [7]). 

The components of the Weyl and Ricci spinors are given in [7] (4.11.6) and (4.11.8) 
respectively, and then resolving equation (Q we get the (first) integrability conditions 





*1& - ^o£m + $01& - $Oo£m 


= 2k0oi 


-t>0n; 






(10a) 




^l£m - ^o£n + $02^ - $0l£ m 


= 2CT0O1 








(106) 




- ^l6n + $0l6n ~ $Oo£n + 2II& 


= 2p0 O i 


- 3' 0n ; 






(10c) 




*l£n + $02^m - $0l£« + 2IIf m 


= 2r0 O i 


- K0u; 






(lOd) 




# 2 £m + $21& - $2o£m - 2II£ fr 


= 2r'0 O i 


- p 0oo; 






(lOe) 




" * 2 £n + $226 - $21 - 2IT£ n 


= 2p0 O i 


- 30oo; 






(10/) 




~ *s£m + $21 6n ~ $2o£n 


= 2a'0 O i 


- 3' 0oo ; 






(100) 




*4&n - # 3 £n + $22&n - $2l£n 


= 2k0 O i 


- K 000 






(10/1) 




- + $h6 - $lo£m - II& 


= b 0oi - 


- r'0ii - 




>oo; 


(lOz) 




- * x ^ n + $ 12 & - $ii^ m - n^ m 


= 5 0oi - 


- P'011 - 


O (1 


'ooj 


(lOj) 




- ty 2 £m + &iiZm - $io£n + 


= 3' 0oi - 


- P0oo - 


a'< 


hi', 


(lOJfe) 


*3&n 


- * 2 £ n + $l 2 6rf " $ll£n + 


= K 0oi - 


- i~0oo - 


k' 


fax- 


(10/) 



where II = XX^- These are equivalent to the equations (20)-(22) in [5]. 

Note that there are four pairs of equations with the same Weyl curvature terms (c/i; 
d/j; e/k and f/l). We can eliminate the Weyl curvature terms between these pairs to give 
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equations equivalent to (23) in [5]: 



b 0oi + 3' 0n - ^000 - 2p0oi - tVh 

= ($11 - 3A) & + $ 00 £„ - $l £m - $0l6m (Ho) 

3001 + V 0n - o"0oo - 2t0 O i - P011 

= $i 2 & + $oiCn - ($11 + 3A) £ m - $Q2&r {lib) 
5' 0Qi + t> 0oo - P0oo - 2r'0 O i - o"'0n 

= -$216 - $io£n + $ 2 o£™ + ($11 + 3A) (He) 
K 001 + 9 0oo - i~0oo - 2p'0oi - ^'011 

= -$226 - ($11 - 3A) £„ + $2i£m + $i 2 6n (Hd) 

Note that all these equations are consistent as far as spin and boost weight are con- 
cerned, and all reduce to the equations of [6] in vacuum. 



3 Second integrability conditions 

Since a homothetic transformation preserves connection and hence curvature, we have 
C^R a bcd = 0, and resolving the spinor version of this equation and using (10) to eliminate 
first derivatives of the <p^- leads to equations I will refer to as second integrability conditions, 
although they are not strictly integrability conditions in the case of a homothety. The same 
equations arises from applying the commutators to the components of the homothetic 
bivector of course. Using the Bianchi identities and the GHP-notation these equations can 
be reduced to a very compact form. Firstly, define the zero weight derivative operator 

A = £n P +& b' -Cm 3' "Cm 3, 

and let 

Aoo = 0oo - - r'Zn + cr'Cm + P'im X n = 0ii + + r& - a£ m - p£ m . 

(Note that under the Sachs * operation, J u and X o are unchanged but X* n = X 00 and 
X 00 = Xu). Then we find that 

£ € *i + 2tJ)% = zXoo^i_i - p 0oi^i + 4)In* i+ i (12) 

C$ $ a6 + 2lp® ab = aX 00 $(a-l)6 + &X 00 $a(fe-l) - (p 001 + g0 O l)$a& 

+ (a - 2)X n $ (a+1)fe + (b - 2)I n $ a(H1) (13) 

£ 5 n + 2^n = o, (14) 

where p = r' — r and q — if — t are the GHP weights [7,8]. Note that has PR- weight 
[3 — i, i — 1, 1, 1] and Q a b PR-weight [2 — a, a, 2 — b, b]. Equations (|12j) are equivalent to 
Collinson and French's equations (2.2) [1] and Kolassis and Ludwig's equations (43)-(45) 
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[4]; equations ( IT3|) are equivalent to [4] equations (47)— (49). In these references the tetrad 
is assumed normalised. A comparison with [4] shows that equations ( JT2|) are the same for 
a general conformal vector in a normalised tetrad: this is as expected since these equations 
actually arise from the derivative of the Weyl tensor part of the curvature. 

Note that if £ a is a Deb ever- Penrose direction then \l/o = and (112j) implies Xn = 0, 

or 

0n = -«£n - r£t + a£ m + p£m (15) 

correcting the error in equation (11) of [6]. Similarly, if n a is a Debever-Penrose direction 
then X o = 0. 

4 Type O pure radiation metrics 

Possibly the simplest non vacuum metric to consider would be that of conformally flat pure 
radiation solutions. In [2] Edgar and Ludwig performed the integration of this case, which 
I here repeat with the extra assumption of the existence of a homothetic vector, when the 
calculations can be pushed to completion in the sense that no free functions remain. The 
main difference here is that I use the homothety to choose coordinate candidates. 

We begin by assuming that the dyad is normalised (% = 1) and aligned to the Ricci 
tensor, so R a b = $22-W&, leaving complete four parameter null rotation freedom in choosing 
the dyad. 

The Bianchi identities quickly tell us that k = o = 0, and the remaining Bianchi 
identities (see [7]) are 

5'<l>22 = r$ 22 , p$22 = P$22 t> $ 22 = (p + P~)$22 

So p = and we are in Kundt's class. Now if r = we have plane waves, a case which has 
been much studied and we will ignore. So from henceforth, r^O. 

Of the second integrability equations only equation (lT5j) for (a, b) either (1,2) or (2,2) 
are non-trivial, and the first of these gives 0n = — t^£. Suppose </> n , and hence ^, vanishes. 
Then equation (10<i) and r / implies <poi vanishes and then by (10/), 0oo — 0. But now 
(10d) gives — 0, and the Killing equation (8h) means that £ ra = and the homothetic 
vector vanishes. 

Thus C,£ is not identically zero: no symmetry vector is orthogonal to i a . This means 
0ii 7^ and we can perform a proper null rotation about i a to set O i to be identically 
zero: we will be left with boost and rotation freedom, which is what we would want for a 
GHP integration procedure. 

With 0oi = 0, the integrability equations involving the derivatives of 0oi, (lOi) - (10/) 
show that a' = p' = r' = and 0oo = n'^e- 

The remaining integrability conditions (10) and (fT3l) allow us to find all directional 
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derivatives of all the remaining scalars. We have 



br = b ft' = b$ 22 = 

5 T = T 2 3 ft' = TK,' — $ 22 5 $22 = T$22 

5' r = rr 3' «/ = ft'r 5' $22 = ^$22 

6 b' r = r(W - V) &b' ft' = -^$22 + ft'(W - V) 6 b' $22 = $ 22 - 2^) 

where = r£ m + rC™ has weight (0, 0). The homothetic equations reduce to 
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b6 




bCm 


= r& 


56 


= -r6 


96 


= -«'6 


9 Cm 
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9' 6 


= -r& 


9' 6 
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9' Cm 


= -i, 


b'6 


= -vy + V 


b'6 


^ Cm ^ Cm" 


KCm 


= -Tin 



In [2], Edgar and Ludwig used the tetrad freedom to set r' = a' — p' — 0, $22— tk' —TK' = 
and b'(r/r) = as a preparation to performing the integration. In our approach, we have 
obtained r' = a" = p' = without the need to solve a system of differential equations, 
and it is not difficult to check that we also have b'(r/r) = 0. As for Edgar and Ludwig's 
other term, we note that $22 _ tk' — tk' is of weight (—2,-2). Define the real scalar 
Z = C| ($22 — tk' — TK') of weight (0, 0). Then we can easily check that Z is annihilated 
by all the derivative operators and is hence constant. 

We will not attempt to show Z is zero, as we wish to pick a set of coordinate candidates 
(real weight (0, 0) scalars) more attuned to the homothetic or Killing vector than those of 
Edgar and Ludwig. 

Firstly, as in [2], define the convenient scalars P = y/r/2f, complex of weight (1,-1) 
and A = (2tt) -1 / 2 , real of weight (0,0). The scalar P has the happy property of being 
annhilated by all the GHP operators, whereas 

\)A = 0, p' A = ]r{Aip-u), 6A=-P. (16) 
6 

Our coordinate candidates are w, x and y where 

w = 31 ( J , z = x + iy = — 2- 



V P J $22 
and also a real scalar u of weight (0, 0) satisfying the equations (cf. [2]) 

\>u = 0, 3m = 0, t>'u = l/&. 

These latter equations are consistant, as can be checked by verifying the commutators are 
satisfied. The commutators acting on weight (0, 0) scalars here simplify to 

[b, b'] = A- 1 (1 3 +1 3') , [b, 3] = [3, 3'] = 0, [b', 3] = --L b ' -ft' b 
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and their conjugates. 

Our table of deriviatives reads 



\>u 


= 


\>'u 


b w 




\>'w 


\)X 


= 


\>'x 




= 


Vy 



1/6 3 M = 

— (ipx + w) Qx = P 
—r(ipy-v) 



3 7/ = — iP 



where P = £ n &M and t> = S(£ m /P) are both real of weight (0,0). With the coordinates 
in the order (u,w,x,y), the tetrad is thus 

r = ^(0, A-\ 0,0) n a = ^- 1 (l,-B,Va; + «;,#-«,) m a = P (0, 1, -i) 

The 6 and P terms are a manifestation of the residual boost and spin freedom of course. 

The other homothetic vector components are £ ra = AB/& and £ m = (w + iv)P, and the 
homothetic vector simplifies to 

C = (1, i;w,ipx,ijjy) 

so that in the Killing case it is a cyclic coordinate. 

To complete the integration we need to find A, B and v. Since they are all weight (0,0) 
this is straightforward: 

v = - c 3 e^ u , A = c 2 e^ u - x, B = ipw + ip 2 x + (x 2 + y 2 )^'^ + c 4 e^, 

where the q are constant. Note that in the Killing case, v is constant. 
The metric is then 

ds 2 = Hdu 2 + 2A du dw + 2(w + c 2 ipe 1pu )du dx + 2c 3 e 1pu du dy - dx 2 - dy 2 

where 

H = 2A ( Cl (x 2 + y 2 )e^ u + c 4 e^)) - c\e 2 ^ u - w 2 - i?x 2 - 2^wx. 
4.1 Larger algebra 

This leaves us to consider the solutions with further homothetic or Killing vectors. Since 
the bracket of two homothetic vectors is Killing, we begin by assuming the first symmetry 
vector is Killing, and then look for a second (possibly homothetic) vector £ a . So the metric 
is 

ds 2 = H du 2 + 2(c 2 — x) du dw + 2w du dx + 2c 3 du dy — dx 2 — dy 2 

where 

H = 2 {{x 2 + y 2 )c 2 + c 4 ) (C2 - x) - w 2 - c\ 
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and the Killing vector is K a = d u . For the tetrad we perform a rotation to make r (and 
hence P) real and also a boost to allow us to integrate more easily: so 

T = (0,1, 0,0) n a = ^—(l,-c 4 - Cl (x 2 + y 2 ),w,c 3 ) m a = -L (0, 0, 1, -i) . 

C 2 — X yJ2 

The advantage of this tetrad is that the improperly weighted spin coefficients e, a, (3 and 
7 all vanish, leaving only 

t = —= and k = —ylci . 

V2(c 2 -x) c 2 -x 

So the four GHP operators reduce to the basic Newman-Penrose operators D, 5, 5' and D' 
(see [7,8]) for all scalars. Furthermore, the same argument as used in the previous section 
tells us that ^ is non-zero and n = — r^. 

Integrating (8a) and (86) and using the reality of ^ gives ^ = Fi(u)(c2 — x) for some 
Fi(u). Next we integrate (8g), (8i) and (8j) to get 

for some complex F 2 (u). However, (10c?) and the Killing equations imply that F 2 (u) = 
4^ c 2 ip + ib(u) for real 6. And now equation (TT3]) for (a, b) = (2, 2) gives O i — f ^ an d so 
(101) gives 0oo = d£t- 

The remaining equation for (86), shows that F\ — a\ — \i\)u where a\ is a constant, 
so £i = £ a £ a = (a\ — | , 0u)(c2 — x). But K a £ a = c 2 — x, which tells us that we cannot 
have a second Killing vector (-0 = 0), as then a linear combination of £ a and K a would be 
orthogonal to £ a , which we saw is not possible. Hence 

Theorem 1 Type pure radiation metrics can admit at most a 2 parameter group of 
homothetic motions, and if the dimension is 2 it is a proper homothetic group. 

We also see that for the second symmetry vector (the proper homothety), we can take 

Ct = ~^u(c 2 - x). 

The imginary part of (8h) can now be solved for b 2 (u) to give b 2 {u) = —^ijjc^u + a 2 for 
constant a 2 . The real part of (8h) now gives us 

Cn = (ci(x 2 + y 2 )u + c 4 u - w) . 

The only remaining Killing or integrability equation is (8e) for D'£ n , and this tells us that 
c 2 = c 3 = c 4 = a 2 = and thus 

r = 2^ {-u,3w,x,y) . 
8 



The remaining constant c\ is non-zero (or the metric is flat) and can be absorbed in the 
coordinates. The type O pure radiation solution with the largest possible homothetic 
symmetry group is thus 

ds 2 = — (2x(x 2 + y 2 ) + w 2 ) du 2 — 2x du dw + 2w du dx — dx 2 — dy 2 

with a non-abelian homothetic algebra generated by {d u , —ud u + 3wd w + xd x + yd y }. 
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